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Reinforced concrete beam elements are submitted to applicable loads along their life cycle that cause shear and torsion. These elements may be 
subject to only shear, pure torsion or both, torsion and shear combined. The Brazilian Standard Code ABNT NBR 6118:2007 [1] fixes conditions 
to calculate the transverse reinforcement area in beam reinforced concrete elements, using two design models, based on the strut and tie analogy 
model, first studied by Mörsch [2]. The strut angle θ (theta) can be considered constant and equal to 45° (Model I), or varying between 30° and 45° 
(Model II). In the case of transversal ties (stirrups), the variation of angle α (alpha) is between 45° and 90°. When the equilibrium torsion is required, 
a resistant model based on space truss with hollow section is considered. The space truss admits an inclination angle θ between 30° and 45°, in 
accordance with beam elements subjected to shear. This paper presents a theoretical study of models I and II for combined shear and torsion, 
in which ranges the geometry and intensity of action in reinforced concrete beams, aimed to verify the consumption of transverse reinforcement 
in accordance with the calculation model adopted As the strut angle on model II ranges from 30° to 45°, transverse reinforcement area (Asw) 
decreases, and total reinforcement area, which includes longitudinal torsion reinforcement (Asℓ), increases. It appears that, when considering 
model II with strut angle above 40°, under shear only, transverse reinforcement area increases 22% compared to values obtained using model I.

Keywords: reinforced concrete, calculation models, shear force, torsion.

Elementos lineares em concreto armado estão sujeitos a solicitações tangenciais ao longo de sua vida útil. Tais solicitações são oriundas de 
dois esforços solicitantes: força cortante e momento torçor, podendo haver ação combinada destes esforços. A ABNT NBR 6118:2007 [1] fixa 
as condições para o cálculo da área de armadura transversal para absorver as tensões provenientes da força cortante, admitindo dois modelos 
teóricos baseados na analogia de treliça de banzos paralelos, inicialmente estudada por Mörsch [2]. O ângulo θ de inclinação da biela de com-
pressão pode ser considerado constante e igual a 45º (Modelo I) ou variando entre 30º e 45º (modelo II). Quando o momento torçor é necessário 
ao equilíbrio da estrutura, considera-se um modelo resistente constituído por uma treliça espacial de seção vazada. Essa treliça admite ângulos 
de inclinação variando entre 30º e 45º em concordância com o modelo resistente à força cortante. Apresenta-se um estudo teórico a respeito 
dos modelos de cálculo I e II para força cortante combinados com a ação de momento torçor, no qual variaram-se a geometria e a intensidade 
das ações em vigas de concreto armado, cujo objetivo foi verificar o consumo de armadura transversal em função do modelo de cálculo adotado.  
À medida que o ângulo θ diminui no modelo de cálculo II, tem-se redução na área de armadura transversal (Asw) e aumento na área total que 
considera a armadura longitudinal de torção (Asℓ). Verifica-se ainda que, ao considerar o modelo de cálculo II com ângulo θ acima de 40º quando 
da atuação apenas da força cortante, tem-se aumento em até 22% na área de armadura transversal, quando comparada com a armadura obtida 
utilizando o modelo de cálculo I.

Palavras-chave: concreto armado, modelo de cálculo, força cortante, momento torçor.

Shear force and torsion in reinforced concrete beam 
elements: theoretical analysis based on Brazilian 
Standard Code ABNT NBR 6118:2007

Solicitações tangenciais em elementos lineares 
de concreto armado: análise teórica baseada na 
ABNT NBR 6118:2007 

R. BARROS a

barrosrn@sc.usp.br

J.S. GIONGO b

jsgiongo@sc.usp.br

a Doutorando em Engenharia de Estruturas, Departamento de Engenharia de Estruturas, Escola de Engenharia de São Carlos, Universidade 
 de São Paulo, barrosrn@sc.usp.br, Av. Trabalhador São-carlense, 400, CEP: 13566-590, São Carlos-SP, Brasil;
b  Professor Doutor, Departamento de Engenharia de Estruturas, Escola de Engenharia de São Carlos, Universidade de São Paulo, 
 jsgiongo@sc.usp.br, Av. Trabalhador Sãocarlense, 400, CEP: 13566-590, São Carlos-SP, Brasil.

Received: 27 Feb 2012 • Accepted: 12 Jun 2012 • Available Online: 02 Oct 2012

Abstract  

Resumo



1. Introduction
 
ABNT NBR 6118:2007 [1] sets conditions for the verification of 
reinforced concrete beam elements subjected to shear force, pos-
sibly combined with other action effects, allowing two calculation 
models. Such models are based on the parallel chord truss analo-
gy, initially studied by Mörsch [2], in which the angle θ of inclination 
of the strut can be considered constant and equal to 45º (model I) 
or ranging from 30° to 45º (model II). The transverse reinforcement 
may present inclination between 45º and 90º, and it is usually used 
in ties projects with an inclination of 90º.
The aim of this paper is to present the analysis of the percentage 
differences obtained from the values   of transverse reinforcement 
areas for reinforced concrete beams related to calculation models 
I and II. The method consists of theoretical analyzes based on 
the equations of the calculation models presented in the Brazilian 
Standard Code ABNT NBR 6118:2007 [1]. The characteristics of 
each calculation model and a comparative study of the main pa-
rameters that compose each model are presented. In this respect, 
analyzes of the calculation results of the reinforcement areas deri-
ved from the isolated action of shear force and torsion, as well as 
their combined action, are presented.

1.1 Initial studies

The classical calculation model of reinforced concrete beam ele-
ments submitted to shear force is based on the classic truss of 
Mörsch [2], which considers the beam behavior analogous to an 
isostatic truss, in which the upper and lower chords are parallel 
to each other, and represented respectively by the region of the 
compression concrete and the longitudinal tensile reinforcement 
bars of the beam.
Between the chords there are compression concrete struts incli-
ned at 45º degrees to the longitudinal axis of the beam, and a 
tie inclined at an angle α which can vary from 45° to 90°, located 
transversely to the concrete cracks.
In the truss model, the loads in the compression strut and tie increase 
in intensity from the center of the beam towards the support condi-
tions, where the shear force presents its maximum value. By contrast, 
the forces on the compression chord and longitudinal tensile reinfor-
cement bars reach their peak in regions near the middle of the span.
Tests conducted by Leonhardt & Mönnig [3] found that the mea-
sured stresses in the transverse reinforcement were lower than 
those expected in the design, implying that the theoretical model 
of classical truss led to high values   of transverse reinforcement.
The observations made by Leonhardt & Mönnig [3] are due to se-
veral factors. The first is that the compression chord is relatively 
inclined when compared to the tensile chord, allowing a direct ab-
sorption of a portion of the shear force on the concrete. Due to this 
inclination, the Rst load acting on the longitudinal reinforcement is 
greater than the Rcc load acting on the compression chord.
Regarding the diagonals, the cracks and the struts between them 
are variably inclined in relation to the longitudinal axis of the beam 
presenting inclinations lower than 45°.
The relative stress decrease in the transverse reinforcement is 
due to alternative schemes of shear force absorption developed 
with the truss. These schemes are the Arc effect, the interlocking 
aggregate effect and the dowel effect of the longitudinal reinforce-

ment bars. Because of these alternative mechanisms, a Vcvalue 
reduction of the shear force is considered. Its objective is to appro-
ximate the theoretical model to the actual model.

2. Calculation models for shear force

The use of calculation models I and II presented in the Brazilian 
Standard Code ABNT NBR 6118:2007 [1] are widely discussed. 
Mota & Laranjeiras [4] concluded via electronic mailing list that cal-
culation model I is not a particular case of calculation model II. Sava-
ris & Garcia [5] developed a study on the optimum angle to the strut 
and tie to achieve minimum consumption of the area of the trans-
verse and longitudinal reinforcement bars. The researchers found 
that model I leads to a minimum consumption of the reinforcement if 
used with stirrups inclined between 55° and 60°. However, the use 
of inclined stirrups is not often adopted because it requires greater 
care in detail and beams assemble during the construction stages.
Barros & Giongo [6] stated a relation between the areas of   the 
transverse reinforcement bars, obtained according to calculation 
models I and II, and it does not depend on the geometry of the 
structural element or the intensity of the actions.
The calculation models presented in the Brazilian Standard Code 
ABNT NBR 6118:2007 [1] to verify the safety of reinforced con-
crete beam elements subjected to shear force are similar in some 
situations. For both models, it is considered that all elements must 
have a minimum transverse reinforcement consisting of stirrups, 
which the minimal geometric rate (ρsw,mín) depends on the average 
resistance to the tensile concrete and the characteristic resistance 
to the steel flow of the transverse reinforcement. 
Both models permit stirrups with variable inclination ranging from 
45° to 90°, and stipulate a maximum value for the VSd design value 
of shear force. This value considers the resistance capacity of the 
compression strut, named VRd2, which its expression depends on 
each calculation model. This limitation intends to prevent that ele-
ments subjected to shear force are ruined due to a rupture of the 
compression strut concrete.
The expressions presented in the next items and presented in the 
Brazilian Standard Code ABNT NBR 6118:2007 [1] and follow the 
indications of the Model Code CEB-FIP [7]. These deductions can 
be found at Mangini [8].

2.1 Calculation model I  

Calculation model I allows the compression struts to have constant 
θ inclination in relation to the longitudinal axis of the element with 
a value of 45º. Furthermore, it considers a Vc reduction portion of 
the design shear resistance of VRd3 due to the schemes used as an 
alternative to the truss schemes previously described. In cases of 
flexure and flexotraction in which the neutral axis crosses the sec-
tion of the structural element, the Vc portion equals Vc0 and its value 
is constant and independent of the design value of shear force, Vsd.  
The concrete compression strut is verified through equation (1), and 
the calculation of the transverse reinforcement is given by equation (2).

(1) dbf)250/f1(27,0VV wcdck2Rdsd 
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on the design value of shear force (VRd3) and the design shear 
resistance (VRd2). It differs from model I, in which the value of Vc 
is constant. The value of Vc equals Vc1 in flexure and flexotraction, 
in which the neutral axis crosses the section of the structural ele-
ment. This value can be obtained through equation (6).

(6)
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The previous expression was derived by linear interpolation, and 
the value of Vc1 equals Vc0 when the value of VSd equals Vc0. Si-
milarly, Vc1 equals zero when the design value of shear force VSd 
equals the value of the design shear resistance (VRd2).
The design shear resistance in relation to the compression strut 
capacity is calculated through equation (7), and the calculation of 
the transverse reinforcement is based on equation (8). It is obser-
ved that when angle θ is 45° in equation (7), this equation equals 
the design shear resistance equation obtained using calculation 
model I.

(7)   gcotgcotsendbf)250/f1(54,0VV 2
wcdck2Rdsd
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Considering the offset (aℓ) of the force in the tensile chords diagram 
for calculation model II, it depends on the value of the effective 
height (“d”) of the structural element, the angle θ of inclination of 
the strut and the angle a of inclination of the stirrups. The value of 
aℓ must be limited to the value of the effective height of the element. 
Thus, the less the value of angle θ of strut inclination is, the more 
the value of aℓ is. Consequently, the length of the longitudinal rein-
forcement bars is longer and the total consumption of steel in the 
analyzed beam tends to increase. Differently from calculation mo-
del I, considering that the shear force is absorbed by the stirrups 
does not influence the value of the offset or the consumption of the 
longitudinal reinforcement. 

3. Analysis result between calculation  
 models I and II

The main difference between the model calculations I and II propo-
sed by the Brazilian Standard Code ABNT NBR 6118:2007 is the 
consideration of the angle θ as constant and equal to 45° in model I, 
and ranging from 30º to 45º in Model II. For both models, the stirrups 
can have inclination α ranging from 45° to 90°. For this study, the an-
gle α is considered 90°, since this value is the most commonly used 
in structures because of the constructive ease. Another reason for 
using vertical stirrups is the inefficiency of inclined stirrups when the-
re is load inversion, which occurs in areas subject to earthquakes. 
Both models allow the verification of the concrete compression strut, 

(2)
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Equations (3) and (4) present the safety criteria of the transverse 
reinforcement. In these equations, the value of fctd, which is the 
value for calculating the concrete resistance to the direct traction, 
is obtained according to the characteristic resistance to compres-
sion (fck) in equation (5). 

(3) 
swc3Rdsd VVVV 

(4) dbf6,0V wctd0c 

(5) 3 2
ckctd f15,0f 

The Brazilian Standard Code ABNT NBR 6118:2007 [1] indicates 
that when the longitudinal tensile reinforcement bar is obtained 
considering the balance of loads in the normal cross-section to the 
axis of the structural element, the effects caused by the diagonal 
crack may be replaced, in the calculation, by the offset (aℓ) of force 
in the tensile chord diagram. The offset depends on the design va-
lue of shear force (VSd), the portion (Vc), the effective depth (“d”) of 
the structural element and the a angle of inclination of the stirrups.
Although it is not explicit in the Standard, the value of aℓ must be 
limited to the value of the effective depth (d) of the element, and it 
is a required parameter for determining the final length of the lon-
gitudinal tensile reinforcement bars. It directly influences the con-
sumption of the reinforced beam. One way to decrease the value 
of the offset in model I and, therefore, the length of the longitudinal 
reinforcement bars is to consider that the shear force is absorbed 
by the stirrups, which implies that the value of Vc equals zero. This 
consideration leads to an increase in the area of the   transverse 
reinforcement. But, as in a reinforced concrete beam the amount 
of steel in the longitudinal reinforcement is much higher than the 
volume of steel in the transverse reinforcement, the consumption 
of steel in the beam decreases. 

2.2 Calculation Model II

For determining the area of the transverse reinforcement bars, the 
compression struts in calculation model II have variable inclination 
relative to the longitudinal axis of the beam, in the range 30° ≤ 
θ ≤ 45°. This model assumes that the portion Vc of reduction of 
the design shear resistance (VRd3) is variable due to the alternative 
schemes to the trusses. In this hypothesis, the Vc portion depends 
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tained using calculation model II, the second compares the results 
of calculation model II to the results of calculation model I.
Due to the variation of the angle θ ranging from 30° to 45° in 
calculation model II, there is a reduction in the value of the rein-
forcement area calculated as the angle of inclination of the strut 
approaches 30°. It was also observed that, similar to the reduc-
tion of the design resistance, the relation between the areas of 
the transverse reinforcement obtained through calculation model 
II occurs due to the tangent of the angle θ relative to the compres-
sion strut, and is not influenced by geometry or by action effects  
in the structural element.
Arranging equation (8) for calculating Asw and considering stirrups 
inclined at 90°, one obtains the relation between the reinforcement 
areas of calculation model II and the reinforcement areas of the 
same model, with the angle of inclination of the strut equal to 45º. 
This relation is represented by equation (10) through which the 
graph of Figure 2 is obtained.

(10)
 

 


tan
A

A

º45,MII,sw

MII,sw

The reduction of the reinforcement area is followed by the reduc-
tion of the design shear resistance on the ruin of the compression 
strut, (VRd2). That is, when considering angle θ less than 45°, there 
is a penalty of the maximum value allowed for the design shear 
force, according to equation (7). 
The comparison between the values   obtained for the transverse 
reinforcement areas in calculation models I and II is difficult due 
to several parameters involved in the analysis. It is observed that 
for a given value of the design shear force (Vsd), the portion of 
the shear force resisted by the transverse reinforcement (Vsw) ne-
cessarily have distinct values   in the two calculation models. This 
occurs because of different considerations that each calculation 

through the portion VRd2 and subsequent calculation of the area of 
the   transverse reinforcement Asw. A decrease in the design value 
is possible due to the truss additional mechanisms, previously pre-
sented in this study. This decrease is constant in model I for any 
design value, and in calculation model II, the decrease depends on 
the value of the design shear force (VSd).
Thus, the first observation made is that in calculation model II, as 
the design force increases, Vc1 force decreases, and equals zero 
when the design value of shear force VSd is at its maximum, when 
it is equal to the resistance capacity of the compression strut, de-
fined by VRd2. This resistance capacity is constant in calculation 
model I and variable in calculation model II, decreasing due to an-
gle θ adopted in the latter. It is stated that this decrease occurs 
according to a relation that is independent of the geometry and the 
structural element design. By dividing equation (7) by equation (1), 
the relation between the design shear resistances VRd2 is obtained. 
It results in equation (9), which exclusively depends on the angle 
of inclination of the compression strut.

(9)
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Figure 1 shows the relation obtained through equation (9). Accor-
ding to Figure 1, by adopting angle θ equal to 45° in calculation 
model II, one obtains the same value for the VRd2 force when using 
calculation model I. However, as the inclination angle θ decreases, 
the value of VRd2 force also decreases. Therefore, the resistance 
capacity of the strut decreases to 87% of VRd2 value obtained throu-
gh calculation model I when the minimum inclination θ equals 30°. 
Several practical examples presented in Barros & Giongo [6] con-
firm these results.
Regarding the calculation of the transverse reinforcement area, 
two distinct comparisons are made. The first relates the results ob-

Figure 1 � Relation �et�een design s�ear 
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strut V , for design models I Rd2

and II of ABNT NBR 6118:2007 [1]
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model used in relation to complementary mechanisms of the truss. 
As previously demonstrated, calculation model I considers a por-
tion of constant reduction (Vc0) given by equation (4). The reduc-
tion portion (Vc1) is variable in calculation model II, depending on 
the intensity of the design value of shear force (Vc0), according to 

equation (6). Another factor which influences this calculation is that 
in portion (Vc0), the value of fctd is obtained according to the class 
of the concrete, that is, it depends directly on the value of the cha-
racteristic resistance to compression of the concrete, fck. Finally, 
the value of (VRd2) in calculation model II depends on the angle θ of 

Ta�le � � �ercentage of transverse reinforcement area from calculation model I and II

 Força 
Cortante 

Ângulos 
(graus) 

A /A (%)sw (M I sw (M I)   
C25 C30 C35 C40 C45 C50 

20, 40, 60 e 
80%  de VRd2 

Ɵ = 45º 122 121 120 119 119 119 

Ɵ = 42º 110 109 108 108 107 107 

Ɵ = 39º 99 98 98 97 97 97 

Ɵ = 36º 89 89 88 88 87 87 

Ɵ = 33º 81 80 79 79 79 79 

Ɵ = 30º 73 72 71 71 71 71

Figure � � �ercentage reduction of transverse reinforcement area obtained form 
design models I and II in accordance with θ angle
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inclination of the compression struts. Depending on the calculation 
model adopted, there are different values   for the final length of the 
longitudinal reinforcement beam, due to the offset in the diagram 
of loads on the tensile chords, as shown in item 2. As the objective 
of this study is to consider only values   of transverse reinforcement, 
the areas of longitudinal reinforcement bars were not considered. 
However, this consideration is important when comparing the total 
consumption of reinforcement in reinforced concrete beam.
Thus, the comparison between the areas of the transverse rein-
forcement utilizing calculation models I and II depends on three 
parameters previously described: the intensity of the design value 
of shear force, angle θ of inclination of the strut and the concre-
te class (which, according to the  Brazilian Standard Code ABNT 
NBR 6118:2007 [1], can be C25, C30, C35, C40, C45 and C50).
Equation 11 shows the relation between the areas of the transver-
se reinforcement obtained according to calculation models I and 
II. In this expression, the portion VRd2 refers to calculation model II 
and may be obtained through equation (7).

(11)
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The results obtained when calculating the area of the transverse 
reinforcement using calculation models I and II are presented. In 
order to facilitate the analysis of the results, the design value of 
shear force (VSd) was defined as a percentage of the value of the 
design shear resistance (VRd2) in model II when considering the 
angle of inclination of the strut equal to 45º. Four percentages were 
used for calculating the design value of shear force: 20%, 40%, 
60% and 80% of the value of (VRd2). Thus, it is possible to separate-
ly observe the influence of the design value of shear force intensity 
and the concrete class on the process of obtaining the   transverse 
reinforcement area. It is noted that, as the angle of inclination of 
the strut decreases from 45º to 30º, there is a percentage reduction 
of the relation between the areas of the reinforcement obtained 
through calculation models II and I. According to the results obtai-
ned with calculation model I, the same value for the design shear 
resistance (VRd2) is obtained when using calculation model II with 
an inclination angle of the strut equal to 45°, but with a larger area 
of the transverse reinforcement.  
It is also stated that calculation model II always presents higher 
reinforcement than that obtained with calculation model I when 
using strut angles ranging from 40° to 45°. When using the strut 
angle equal to 39°, the reinforcement area value obtained with mo-
del II results in the same obtained when using calculation model I. 
However, it presents a lower resistance capacity of the compres-
sion strut. For angle values   ranging from 30º to 38º, calculation 
model II leads to smaller values   of the transverse reinforcement 
area, with minimum value when θ equals 30°.
For the same class of concrete, the reduction rate is not affected 
by the intensity of the action effects and remains constant for every 
design value of shear force (VSd), as shown in Table 1. However, it 
is observed that a change in the concrete class causes small mo-

difications in the percentage of reduction. Comparing classes C25 
and C50, the relation between the transverse reinforcement areas 
obtained through calculation model II and calculation model I with 
the strut angle of 45° decreased from 122% to 119%. Similarly, 
when considering the strut angle equal to 30° for these classes, the 
ratio between the areas ranged from 73% to 71%. The influence 
of the concrete class can be observed in the graphs of Figure 3. 

4. Linear elements subjected to torsion

The Brazilian Standard Code ABNT NBR 6118:2007 [1] fixes con-
ditions for the verification of reinforced concrete beam elements 
subjected to torsion combined with other structural loads, assu-
ming a resistant model (space truss) which is defined based on a 
structural element with hollow section equivalent to the structural 
element to be calculated. That allows the angle θ of the inclina-
tion strut to have its value ranging from 30º to 45º. But, it does 
not have two different calculation models such as the reinforced 
concrete beam elements subjected to shear force. The standard 
code requires the angles of the inclination strut to be the same for 
determining resistance when there is a combination of torsion and 
shear force.
Figure 4 shows the resultant forces in the reinforcement bars in a 
structural part submitted exclusively to torsion. The Rsℓ force re-
presents the results of tensile stresses in the longitudinal reinfor-
cement bars distributed along the element section. The Rs90 force 
is the resultant of tensile stresses on stirrups positioned at 90º in 
relation to the part axis. The Rcw,tor forces represent the resultant of 
the compression loads in the compressed struts.
Based on the results presented by Leonhardt & Mönnig [3] and on 
the design of the space truss, the Brazilian standard Code ABNT 
NBR 6118:2007 [1] indicates a calculation model for reinforced 
concrete beam elements subjected to torsion. It is assumed that 
the transverse reinforcement have inclinations ranging from 45º 
to 90º, and that the design torsion must be less than or equal to 
the resistance capacity of the compression strut (TRd2), which is 
calculated through expression (12). In this expression, the value of 
Ae represents the area delimited by the medium line of the wall of 

Figure � � Mode� o� �e�tion �i��ed  �ith si���e 
torsion - Leonhardt & Mönnig [3]
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hollow section, and he is the measurement of the thickness of the 
simulated wall.

(12)   2senhAf)250/f1(50,0TT eecdck2Rdsd

In addition to the verification of the compression strut, it is neces-
sary to perform the verification of the transverse and longitudinal 
reinforcement resistance. In the case of transverse reinforcement, 
when they present angle a equal to 90°, the resistance condition 
is guaranteed by equation (13). In this equation, the value of A90 
represents the cross-sectional area of the number of branches of a 
stirrup, which must be in the region of the simulated wall. In relation 
to the longitudinal reinforcement, equation (14) must be used.

(13)
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In equation (14), the term ue represents the perimeter of the area Ae. 
The torsion longitudinal reinforcement Asℓ may have the bars distributed 
along the perimeter or concentrated in the corners of the polygon that 
defines area Ae, in a necessarily constant ratio between the portion of 
the total calculated area Asℓ, and the portion of the perimeter of area Ae. 
Figure 5 presents a rectangular section of the reinforced concrete, in 

which the fictitious thickness according to thickness he is delimited. Sin-
ce bw is the width and h is the height of the section, the values   of Ae and 
ue and can be obtained through equations (15) and (16), respectively.

(15)    eewe hhhbA 

(16)    eewe hh2hb2u 

4.1 Torsion effects acting apart

The possibility to vary the angle of inclination of the compression 
strut upon the occurrence of torsion in reinforced concrete beam 
elements enables an analysis similar to the one performed on item 
3 in relation to shear force.
Regarding the analysis of the compression strut, the torsion resistan-
ce design TRd2 presents a similar variation of the design shear resis-
tance VRd2. Taking the torsion resistance design with a 45° angle as 
reference, there is a reduction of the strength capacity of the strut as 
the angle θ approaches 30° according to equation (17). This result is 
consistent with the result obtained for the shear force, indicating that 
the relation between the strength capacity of the struts depends solely 
on the value of the inclination angle θ considered in the analyzes. The 
percentage ratio obtained through equation (17) is in Figure 6.

(17)
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Similarly, it is observed that the relation between the areas of trans-
verse and longitudinal reinforcement respectively defined by por-
tions TRd3 and TRd4 with variation of the inclination of the compression 
strut present a relation which depends exclusively on the angle of 
inclination of the strut. In the case of the transverse reinforcement, 
the relation between the areas A90 depends on the tangent of the 
angle θ, and for the longitudinal reinforcement, the relation between 
areas Asℓ vary according to the cotangent of the angle θ.
Hence, it is possible to state that as the angle of the strut decrea-
ses from 45° to 30°, there is a gradual decrease in the value of the 
transverse reinforcement area A90 similar to that shown in Figure 2. 
By contrast, there is a significant increase in the longitudinal rein-
forcement area Asℓ as the strut angle approaches 30°. The greatest 
increase occurs when θ equals 30°, in which the   longitudinal rein-
forcement area has a 173% higher value than the area obtained 
when angle θ equals 45°.
When analyzing the total reinforcement needed to resist torsion, that 
is, the combination of the areas obtained for A90 and Asℓ, one obtains 
relations between the areas that depend solely on the angle of incli-
nation of the strut. The lowest amount of the total reinforcement is 
obtained when angle θ equals 45º, in which the areas of the longi-
tudinal and transverse reinforcement have the same value. As the 
angle θ decreases, the increase of the longitudinal reinforcement Asℓ 
is higher than the reduction in the transverse reinforcement A90, as 
observed in Figure 7. In this situation, there is an increase of 16% in 
relation to the total area obtained for an angle of 45°.

4.2 Torsion and shear force effects combined

When the structural element is subjected to the combined effects 
of torsion and shear force, some considerations must be made   due 
to structural safety. The first relates to the adoption of equal incli-
nation angles of the strut, which improves the safety analysis of the 
structural element related to torsion and shear force. 
The use of the strut angle as less than 45° to the space truss, whi-
ch resists torsion, involves the use of model II for calculating the 

shear force. Only when the strut angle is 45 º there is the option 
of adopting calculation model I to resist the effects of shear. In 
this situation, calculation model II could also be used. However, 
as shown in item 3, this consideration leads to elevated values   of 
transverse reinforcement area because of the shear force.
Another consideration relates to the verification of the strength capa-
city of the compression strut. In this case, independently of the strut 
angle and the calculation model considered for the analysis, it is 
necessary to attend to the condition expressed in equation (18). This 
condition considers the percentage that each action effect requires 
to resist the compression strut. It must not exceed 100% because as 
it approaches the mentioned ratio, there is a greater chance of rui-
ning the structural element due to rupture of the compression strut.

(18)
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Regarding the reinforcement area, the principle of superposition of 
effects is accepted. That is, the total transverse reinforcement is 
given by the sum of the separately design reinforcement for effects 
of torsion and shear force, through the portions of A90 and Asw. The 
lateral reinforcement Asℓ is only calculated if torsion occurs, and it 
may be distributed along the equivalent perimeter of the concrete 
section, or displayed in the vertices of the section.
As the angle of inclination of the strut varies from 45° to 30°, the 
value of the total transverse reinforcement decreases in order that 
both Asw and A90 portions also decrease. Thus, the total transverse 
reinforcement has its maximum value if calculation model II is con-
sidered, for the shear force, with a 45° angle, and has its minimum 
value if the same model is considered, although with an inclination 
angle of the strut equal to 30º. The use of calculation model I pro-
vides intermediate values   for the total transverse reinforcement. 
Figure 8 presents the area of total transverse reinforcement in re-
lation to calculation model I.
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At first, the graph in Figure 8 induces the reader to believe that the 
situation in which greater reinforcement saving is obtained is the 
consideration of calculation model II with the strut angle equal to 
30º. However, this conclusion is mistaken due to the existence of 
the torsion longitudinal reinforcement Asℓ and offset of tensile chord 
loads diagram, which was not considered in this study. This rein-
forcement shows higher values   as the angle of inclination of the 
strut approaches 30°, as shown in Section 4.1. This reinforcement 
has to be considered in the total reinforcement design, and then it 
is possible to compare calculation models to state which leads to a 
lower consumption of the total reinforcement.
Therefore, the use of calculation model I leads to greater steel sa-
vings when compared to alternatives in calculation model II for con-
sidering angle θ of inclination of the strut. Figure 9 shows the per-
centage distribution of total transverse reinforcement, A90 and Asw, 
and torsion longitudinal reinforcement Asℓ, in relation to the values   
obtained using calculation model I. It is observed that when using 
calculation model II with strut angle as 30º, the total reinforcement 
presents itself 19% greater than that obtained with calculation model 
I. This situation occurs because most of the total reinforcement area 
is represented by the torsion longitudinal reinforcement Asℓ.

5. Conclusion

The analysis of the results of transverse reinforcement areas de-
sign, derived from the isolated action of shear force and torsion as 
well as the combined action of these action effects, were presen-
ted. To perform the analysis, vertical stirrups placed at 90º were 
considered. Considering the isolated action of the shear force, the 
main conclusions are:
n Calculation model I leads to high values   of the transverse rein-

forcement area compared with calculation model II, when using 
the strut angle inclined between 30º and 39º. These results are 
justified by the fact that calculation model I is a simplification of 
calculation model II, therefore, it tends to be more conservative 

when considering solely the values   of the transverse reinforce-
ment, and not the offset of tensile chord loads diagram effect. 

n In calculation model II, when the strut angle is 45°, one obtains 
the same value for design shear resistance VRd2 in model I, but 
with a greater transverse reinforcement area. If the strut angle 
ranges from 40º to 45º, there is a reduction of the values   of 
VRd,2 and Asw, but the reinforcement area remains greater than 
the one obtained with calculation model I.

n Based on the results presented, it is not justifiable to use calcu-
lation model II with the strut angle ranging from 40° to 45°.

n The adoption of the inclination angle of the strut equal to 39° in 
calculation model II results in the same area of transverse rein-
forcement obtained when using calculation model I, but with 
less strength capacity of the strut.

n Comparing the results of reinforcement area in calculation mo-
del II in relation to calculation model I, it is observed that the 
intensity of the action effects have little influence in the reduc-
tion percentage of the transverse reinforcement area. Howe-
ver, there is little variation in this percentage due to the class of 
concrete considered in the design stage. 

Regarding the isolated effects of torsion and the combined effects 
of torsion and shear force, the following conclusions are presented:
n The portions of the compression strut, VRd2 and TRd2, have equi-

valent reduction as the angle of inclination of the strut decrea-
ses compared with the 45º angle. 

n Regarding the areas of the transverse and longitudinal reinfor-
cement bars derived from the combined action of torsion and 
shear force, it appears that as the angle of the strut decreases 
from 45° to 30°, there is a reduction of the transverse reinforce-
ment torsion A90, an increase in the longitudinal reinforcement 
torsion Asℓ, and a reduction of the transverse reinforcement due 
to shear force, Asw. 

n Regarding the percentage distribution of the total transverse 
reinforcement area (A90 and Asw), there is a reduction in the 
value of the reinforcement areas as the angle θ of the strut de-
creases. For angles of inclination of the strut close to 30º, this 
reduction is of approximately 63% in relation to the total area 
obtained when the angle is 45°.

n Concerning the percentage distribution of the total reinforce-
ment area (A90, Asw and Asℓ), there is an increase in the final 
value of the reinforcement areas as the angle θ of the strut 
decreases, resulting in an approximate 19% increase with an-
gles θ close to 30°, compared to the total area obtained when 
considering angle θ equal to 45º.

n The use of calculation model I for shear force combined with 
the effects of torsion leads to greater steel savings when com-
pared to calculation model II.

Finally, it is emphasized that high values   of shear force often oc-
cur in transition beams, and usually show high values   of bending 
moment, which can compromise the design of the longitudinal bars 
of the beam. For a beam to present deformations in field 3, it is re-
commended that the design value of shear force does not exceed 
40% of the strength capacity  value of the compression strut.
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