
Assessing the global behavior of reinforced materials from the individual properties of their components has been the subject of a considerable 
amount of experimental and theoretical works in the last years. The so-called multiphase model is an alternative generalization of the homog-
enization method and it relies upon the idea that, at the macroscopic scale, the reinforced concrete is a geometrical superposition of the matrix 
phase (concrete) and the reinforcing phase (steel bars). This technique was already successfully employed in several geotechnical structures. 
Considering the particular case of concrete structures, Figueiredo et al [1] analyzed the mechanical behavior of reinforced concrete flat slabs un-
der prescribed loading using the multiphase model in elastoplasticity. The present contribution extents a previously numerical code to account for 
concrete cracking based on a smeared crack approach. Comparison with direct simulation results emphasizes the advantage of such multiphase 
model in terms of reduced computational cost.
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Determinar o comportamento global de materiais reforçados a partir das propriedades individuais de seus componentes vem sendo tema de 
um considerável número de trabalhos experimentais e teóricos nos últimos anos. A modelagem multifásica é uma generalização alternativa do 
método de homogeneização cujo princípio básico consiste em descrever o concreto armado como a superposição geométrica da fase matriz 
(concreto) e da fase reforço (barras de aço). Esta técnica foi empregada com sucesso em uma série de trabalhos envolvendo estruturas geotéc-
nicas. No caso da estruturas de concreto, Figueiredo et al (2009) estuda o comportamento mecânico de placas de concreto armado sob a ação 
de carregamento prescrito com o uso da modelagem multifásica em elastoplasticidade. No presente trabalho é acrescentado ao modelo previa-
mente desenvolvido o algoritmo que leva em conta a fissuração do concreto baseado no modelo de fissuras distribuídas apresentado por Hinton 
(1988). São realizadas comparações com simulações diretas clássicas visando salientar as vantagens do modelo como a redução significativa 
do custo computacional.

Palavras-chave: modelo multifásico, elasto-plasticidade, fissuração do concreto, método dos elementos finitos, concreto armado.
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1. Introduction

The capacity of predicting the essential characteristics that govern 
the behavior of materials reinforced by stiff linear inclusions from 
the properties of the individual components still remains a major 
concern in structural engineering of composite materials, and a 
significant number of works has been dedicated to this subject in 
the last decades.
As far as the finite element modeling of reinforced concrete struc-
tures is concerned,  steel bars are traditionally accounted for 
through three ways (CEB [2]): 1) by means of a continuous equiva-
lent model as often used in the case of plates and shells, sub-
stituting the dense reinforcement by equivalent layers, 2) through 
a discrete modeling in which the steel bars are represented by 
one-dimensional elements frequently associated with appropri-
ate adherence elements, and 3) through the so-called “embedded 
model” where each bar is considered as a stiffer linear inclusion 
embedded within the element of concrete matrix, thus resulting in 
an element stiffness equal to the sum of concrete matrix and steel 
bar contribution. However such approaches can come up against 
serious numerical difficulties when the number of bars involved in 
the structure becomes higher. Indeed, the computational cost may 
eventually be prohibitively large since three-dimensional analysis 
is generally needed to take into account interactions between con-
crete matrix and inclusions properly and since non-linear constitu-
tive models, such as plasticity, have to be utilized in order to obtain 
relevant results.
An alternative approach called multiphase model was recently de-
veloped, providing a mechanically consistent framework to analyze 
the behavior of structures made up of materials reinforced by lin-
ear continuous inclusions. The general formulation of the model 
is presented in Sudret [3] together with applications in the field of 
geotechnical engineering. Extensions of the multiphase model have 
been introduced by Bennis [4] and later by Hassen [5]. The method 
has been applied to a large variety of problems involving reinforced 
soils such as reinforced earth, micropile networks and rock-bolted 

tunnels may be found in de Buhan and Sudret [6] or Hassen and 
de Buhan [7].  The purpose of the present contribution is to present 
a consistent mechanical framework, providing a description of con-
crete reinforced by steel bars, as a multiphase system. Conceived 
as an extension of the homogenization theory, the multiphase model 
is in its essence based on the mixture theory due to the pioneer 
work of Truesdell and Toupin [8]. Unlike the description of the mate-
rial at the microscopic scale in which both constituents (matrix and 
reinforcement) occupy geometrically distinct domains of space, the 
multiphase model is based on a macroscopic description of the com-
posite medium as the superposition of several continua [9].  
In this context, Manzoli et al. [10, 11] recently proposed a model 
for 3D analysis of structural elements of reinforced concrete, in 
which the latter is described using mixture theory concepts. From 
a theoretical viewpoint, even the mentioned model is closely con-
nected to that developed in this contribution, there is however a 
fundamental difference regarding how the interaction matrix/rein-
forcement is accounted for. The modeling adopted in [10, 11] as-
sumes a parallel layout, meaning that all constituents share the 
same strain field. The slip effect due to the bond degradation at 
the interface matrix/reinforcement is introduced in a heuristic way. 
In contrast, the formulation of the multiphase model based on the 
virtual work method, incorporates in a consistent way the matrix/re-
inforcement interaction. Starting from different kinematics for each 
phase, the equations governing such a model are developed in the 
context of elastoplasticity, account automatically for any slippage 
phenomenon occurring between the matrix and the reinforcement. 

2. The multiphase model for  
 reinforced concrete

2.1 Description of the model

Considering the reinforced concrete as a matrix of con-
crete with steel bars arranged periodically (Figure [1]) and 
the typical size of the structure being significantly greater 
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given, in agreement with Sudret [3], for each phase separately 
as follows.

The corresponding boundary conditions are

 

2.4 Perfect bounding model

Sudret [3] and de Buhan and Sudret [6] present a particular case of 
the two-phase model where is admitted the perfect bonding hypothe-
sis: all phases have the same displacement field. This model is going 
to allow to treat problems of reinforced concrete in what is supposed 
to be no slippage between the steel bars and the concrete matrix. So:

than the diameter of the inclusions and their spacing. Also 
consider the reinforced concrete as homogenous medium. 
 
Sudret [3] explains that to any point of a volume W of reinforced 
material are associated geometrically coincident particles: one par-
ticle of the matrix phase and N particles of the reinforcement phase. 
These N + 1 superposed particles form the multiphase medium.

In this way, the steel bars are grouped in a finite number of N dif-
ferent families, each one of these families characterized by a direc-
tion given by a unit vector er (r = 1, ..., N). The number of reinforce-
ment families will be the same to the number of directions in which 
the bars are disposed (Figure [2]).

2.2 Efforts behavior

The matrix phase is modelled as Cauchy continuum. It can be 
shown that the internal forces are described by a second-order 
symmetrical tensor denoted by 

mσ . This quantity will be referred 
to as the matrix phase stress tensor.
It is admitted that the inclusions are assumed to take only tensile-
compressive forces, that is, shear forces and bending moments 
are disregarded. Hassen [5] applies the multiphase model taking 
into account that the inclusions takes these efforts. So, the variable 
that describes the internal forces in the reinforcement phase turns 
out to be a scalar stress, noted rσ .
Finally, due to the superposition of N+1 particles in each point, body forc-
es, 

jI , are introduced to account for the interaction between phases.
The external forces applied onto a geometrical volume W are pre-
scribed in each phase j separately, and consists in:
a) Body forces denoted by 

jj Fρ  (gravity) exerted by the outside of W
b) Tractions 

jT  applied at the boundary ∂Ω .
The inertial forces are computed by means of the phase 
acceleration fields denoted by 

jγ .

2.3 Equations of motion

In this way, the equations of motion of the multiphase model are 
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Taking into account the perfect bounding hypothesis, is introduced, 
with no ambiguity, the total strain tensor:

The compatibility equations between the phase strain variables are:

In this model, the system kinematics is described by a single dis-
placement field x. Bennis [4] carries out the application of the mod-
el to geotechnical structures considering the interaction between 
matrix and reinforcement.
It is thus relevant do derive global equations of motion for the whole 
system. These equations are obtained by summing up Eq. (2), (3) 
and the Eq. (4), (5) respectively. Introducing the following notation:

with j ∈  {m, r = 1,...N}, one gets:The tensor of total stress Σ  

The tensor of total stress   appears to be the sum of the partial 
tensor in the matrix phase and the uniaxial partial stress tensor in 
the reinforcement phase. With this notation, the constitutive Eq. 
(11) and (12) reduce to those of the classical Cauchy continuum.
To complete the description of the perfect bonding model, global 
constitutive equation relating Σ  and ∈  are derived. One can eas-
ily prove that the global fourth-order tensor of elastic moduli A  
satisfying :AΣ = ∈  in the elastic domain write:

where the global tensor of elastic moduli is decomposed additively 
in a contribution of the matrix phase and a contribution of each rein-
forcement phase. It appears clearly that the directions re  are privi-
leged, what is seen in the anisotropic characteristic of the behavior.
Equilibrium equations and constitutive laws have been derived, 
making it possible to solve boundary value problems. In order to 
model real reinforced structures, it is now necessary to connect 
the phase constitutive laws with the material characteristics of the 
concrete and inclusions, de Buhan and Sudret [6] assumed that 
the volume fraction rη  of the inclusion is small compared to one:
n The matrix phase constitutive law is identified with that of the 

concrete.
n Supposing that the inclusions take axial force only it is possible 

to calculate the reinforcement phase stiffness as:

where incE  is the Young’s modulus of the steel bars.

3. Numerical implementation of the model

The implementation formulated here follows the steps presented 
by Sudret [3], Hassen [5] and de Buhan and Sudret [6].

3.1 Description of the model

In case of perfect bonding, considering a kinematically admissible 
virtual displacement field ξ̂  and its associated linear strain field ε̂ , 
the principle of virtual work, derived from Eq. (11) and 
(12), satisfies:

Relating the elastic strain to the phase stress by  
 ( ):m m m m

p
aσ ε ε= −  and ( )r r r r

paσ ε ε= −  and substi- 
 
tuting in Eq. (11) and using the Eq. (8), the first term in Eq. (15) 
may be rewritten as follows:

The geometric volume is discretized into Ne elements. The dis-
placement field x in each element ne is approximated as follows
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where ue is the vector of element nodal displacements and Ne(x)  
are the shape functions. The strain vector is classically given by

:

where the matrix Be contains partial derivatives of the shape func-
tions with respect to the coordinates. Consequently, the matrix 
phase stress vector is:

It is introduced now an additional notation for dealing with the re-
inforcement phase. Let us denote by re  the vector of the six com-
ponents of r re e⊗ . The compatibility Eq. (7) can be rewritten as:

Substituting the above equations in the principle of virtual work 
(15) and using (16), one gets the discretized formulation, which 
leads to the usual linear system yielding the global vector of nodal 
displacement U.

The global stiffness matrix K turns out to be:

the terms in the right-hand side of Eq. (21) are the external load 
vector:

and the vector of plastic forces associated to each phase:

3.2 Plastic integration algorithm

Due to the non-linearity of the phases’ constitutive laws, the load-
ing path is divided into load increments noted by DFj

ext. For each 
load step, the problem is solved by an iterative algorithm.
 
Denoting by { },,

, , , , ,m mr r
n n p nn n p n

U σ σ ε ε ε  the set of state vari- 
 
ables describing the system after load step n. For each variable χ  
in this set, let us write:

Let us apply the load increment DFj
ext. The corresponding displace-

ments increment DUn is obtained from the global equilibrium.

where , , ,
m r

p n p n p nF F F∆ = ∆ + ∆  is the vector of plastic nodal 
forces. These forces are unknown, since the plastic strain incre- 
 
ments { },,

,m r
p np n

ε ε  resulting from the load increment DFn
ext are  

 
still unknown. The latter have to be determined in such a way that 
the elastoplastic constitutive laws are satisfied in each Gauss point 
of the mesh.
The goal is achieved by using an iterative procedure. Starting from: 

( ) ( ),,
0 0 0m r

p np n
ε ε∆ = ∆ =  at every Gauss point, sucessive  

 
evaluations ( ) ( ){ },,

,m r
p np n

i iε ε  of the plastic strains are calcu-
lated until convergence.
 
Suppose that ( ) ( ){ },,

1 , 1m r
p np n

i iε ε− −  is known at each 
Gauss point, the vector of plastic forces calculated by (22) and 
(23) being ( ), 1m

p nF i∆ −  and ( ), 1r
p nF i∆ − . The iteration i 

consists first in computing the increment of nodal displacement 
( )nU i∆  satisfying:

Following the global calculation yielding the displacement vector 
DUn(i), the constitutive laws have been checked locally in each 
Gauss point. The original point of the present implementation is 
the separate treatment of each individual phase. The power of 
the multiphase approach is thus totally exploited. The classical re-
turn mapping algorithm, Simo and Hughes [12], is applied in each 
Gauss point as follows:
At first, trial stress states are calculated for each phase by freez-
ing the plastic strains resulting from the load increment. Then the 
phase yield criteria are evaluated separately. If they are negative, 
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no additional plastic strain has developed due to DFn
ext. If not, a 

closest-point projection of the trial states onto their respective yield 
surfaces is performed.
For the matrix phase, this leads to solving the following set of 
equations:

Considering now the reinforcement phase, the yield criterion can 
be written as ( )r r r r

of σ σ σ= −  due to the one-dimensional 
formulation. The solution for the projection problem and the related 
plastic strain increment is:

3.3 Failure criterion

The strength of concrete under multiaxial states of stress may be 
estimated from the so-called Ottosen failure criterion given by Eq. 
34, CEB [13]. It is considered that the plasticity convex surface is 
homothetic to the failure convex surface.

where

( )
( )

1 2

1 2

3
3/ 2
2

cos 1 3arccos cos3 , cos3 0;

cos 3 1 3arccos cos3 , cos3 0;

3 3cos3 .
2

c c

c c

J
J

λ θ θ

λ π θ θ

θ

= ≥  
= − − <  

=

The parameters J2, J3 and I1 represent the invariants of the stress 
deviator and stress tensor, respectively, characterizing the state of 
stress considered. The coefficients are material parameters which 
depend on the strength ratio fctm/fcm (tensile and compression con-
crete strength). 

3.4 Stress-strain relation for concrete 
 under compression

The hardening rule sets the yield surfaces during the plastic de-
formation and is determined by the effective stress-plastic strain 
relationship. In the present work a uniaxial stress-strain relation-
ship for compressed concrete is assumed as hardening rule. 
This stress-strain diagram has the form shown schematically in 
Figure [3] and is calculated by the following function (CEB [13]):

where Eci is the concrete tangent modulus, Eci  = -fcm/0.0022, sc is 
the strength compressive stress, ec is the compression strain and 
ec1 = -0.0022. From a practical viewpoint, an effective plastic strain 
is computed from the plastic strain tensor. This effective value is 
therefore used in (35) to update the hardening parameter cσ .

3.5 Modeling of cracked concrete - Hinton [14]

Probably the main feature of plain concrete material behavior is its low 
tensile strength, which results in tensile cracking at very low stress 
compared with the failure stress in compression. In the finite element 
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context two main approaches have been used for crack representa-
tion, the discrete crack model that represents the individual cracks as 
actual discontinuities in the finite element mesh; the smeared crack 
model in which the cracked concrete is assumed to remain a contin-
uum and the material properties are modified to account for damage. 
The second alternative will be adopted in this work.

3.6 The smeared crack model

The concrete is initially isotropic, but cracking induces anisotropy. 
After cracking, the concrete is assumed to become orthotropic, 
with the principal material axes oriented along the directions of 
cracking. The material properties depend on the state of strain and 
stress. The Young’s modulus is reduced in the direction perpen-
dicular to the crack plane and Poisson’s effect is usually neglect-
ed. This approach is computationally attractive, since the topology 
of the mesh is unchanged throughout the analysis, and only the 
stress-strain relationship need to be updated when cracking oc-
curs. In order to implement the smeared crack model, the following 
items have to be applied: a cracking criterion, a strain-softening 
rule and a model for shear transfer.
In the present work concrete in tension is modeled as a linear elas-
tic-strain softening material. For a previously uncracked sampling 
point, the principal stresses and their directions are evaluated. If 
the maximum principal stress exceeds a limiting value, a crack is 
formed in a plane orthogonal to this stress. So, the behavior of the 
concrete is no longer isotropic.
Due to bond forces, cracked concrete carries between the cracks 
a certain amount of tensile stress normal to the cracked plane. The 
concrete adheres to reinforcing bars and contributes actively to the 
overall stiffness of the structure. This can be incorporated into the 
computational model assuming that the loss of tensile strength in 
concrete occurs gradually and such procedure has been exten-
sively used in computational analysis of reinforced concrete struc-
tures. According to Hinton [14] it is easy to choose a tension-stiff-
ening curve that will adequately fit experimental results, but very 
difficult to make a priori predictions.
For the tensile concrete it will be used the constitutive equa-
tion (Eq. 36) adopted by Prates Junior [15], Martinelli [16] and 
other authors.

where at is the reduction coefficient related to cracking strength 
and eui is the strain on direction i. 

3.6.1 Shear transfer across the crack

Experiments show that a considerable amount of shear stress can 
be transferred across the rough surfaces of cracked concrete. In 
plain concrete the main shear transfer mechanism is aggregate 
interlock. In reinforced concrete dowel action will play a significant 
role, the main variable being the reinforcement ratio.
The above-mentioned mechanisms cannot be directly included in the 
smeared crack model. A simplified approach is generally employed to 
take into account the shear transfer capacity of cracked concrete. The 
process consists of assigning to the shear modulus corresponding to 
the crack plane a reduced value, Gc, defined as Gc = bGo, where Go is 
the shear modulus of uncracked concrete and b is a reducing factor in 
the range of zero to one. Hinton [14] relates the value of b to the tensile 
strain normal to the crack plane. In this work, the following value is used.

where et is the tensile strain normal to the crack plane and k1 is 
a parameter in the range of 0.3 to 1.0 (used in the present work).

4. Application

The applicability and verification of the developed program are demon-
strated by comparing the results obtained in this study with experimen-
tal results. Bresler-Scordelis beams were used to validate the program 
coded. They are simply supported, as shown in Figure [4], and refer to 
a study about shear stress strength, Bresler and Scordelis [17]. 
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The twelve simulated beams are divided in four different groups 
(OA, A, B and C) varying the span length, the cross section width, 

the reinforcement used and the concrete strength. Groups A, B 
and C are doubly-reinforced (beside the tensile reinforcement the 
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concrete element is also reinforced near the compressive face) 
and have shear reinforced too. Table [1] presents width (w), height 
(h), length (L), inferior and superior steel area (As and As’), stirrups. 
Table [2] presents mechanical properties of each model. The rein-
forcement details of each beam are shown in Figure [5].
The finite element mesh used for the simulations consists in thirty 20-
node hexahedron elements as can be seen in Figure [6]. The hatched 
elements represent the reinforced elements, in other words, the elements 
that receive a contribution of the longitudinal reinforcement phase (direc-
tion of the x axis). Note that since we have different steel ratios for supe-
rior and inferior reinforcement, they will have different volumetric fractions 
and so will be represented by two distinct phases. For simulating beams 
from A, B and C groups (also shear reinforced), it is necessary to use a 
third phase, along y axis direction, for every element in the mesh.
The results of the nonlinear analysis of these beams by using the 
multiphase model are given in Figures [7], [8] and [9]. As seen from 
these figures, the load-displacement curves are in good agree-
ment with the experimental results.

5. Concluding remarks

A multiphase model for structures of reinforced concrete with per-

fect bonding between the steel bars and the matrix of concrete 
and considering the concrete cracking was introduced. The com-
parative study performed with the Bresler-Scordelis beams pro-
duced results in good agreement with the experimental results. 
In terms of future development, the model will be extended to 
include more realistic conditions than perfect bonding, allowing 
sliding between the matrix phase and the reinforcement phase. 
Also, assessing the extent of the multiphase zone, which is the 
size of the concrete structure to be considered as a multiphase 
model is object of interest.
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